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Table 1 Inverse and feedforward matrix solutions
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It can be shown, using results from Ref. 6, that Kawahata
eliminates the last term in Eq. (9) by choosing some elements
in Kx so that

(Sl21-KxQn)v = 0 (10)

The minimal realization of the generalized state space
compensator in Eq. (5) (the dynamical equation is also
sometimes referred to as a descriptor system) cancels trans-
mission zeroes of the plant not common between the plant and
model. If some of the elements in Kx can be chosen to satisfy
Eq. (10), then some of the closed-loop eigenvalues of the plant
equal all of the//m"te plant transmission zeroes as discussed by
Kawahata. Plant transmission zero locations do not always
satisfy desirable handling qualities specifications.

Reworking the example in Ref. 1 using Eqs. (4) and (9)
where the plant is a Beechcraft Model 65 and the model to be
followed is that of a Boeing 747 yields the results in Table 1.
Using Table 1, and Kx from Table 2 in Ref. 1, the values for
S21-KxSjj and S22-KXS12 are in agreement with Kxm and
Kum in Table 2 of Ref. 1 to three significant digits. Note that
S12 is the null matrix, causing the minimal realization of v to
be v = 0. The last term in Eq. (9) is zero for any value of Kx, a
feature of this example that is also pointed out by Kawahata.
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I WISH to thank Mr. Broussard and Mr. Mabius for their
Comment on my work l and for drawing attention to their

Ref. 2. When my manuscript was prepared, Ref. 2 was not yet
available. Even so, the two papers complement each other.

In Ref. 1, a practically oriented design technique was
stressed rather than a more theoretically oriented approach to
the model following system. The appearance of time
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derivatives of the model input um which are often not
available has been intentionally excluded by the conditions
ok^omk [Eq. (5) in Ref > 1] and \B*\ ̂ 0. As will be men-
tioned later, the intention to eliminate um is further supported
by the proposed feedback gains that yield some closed loop
poles in common with the plant transmission zeros if any.

The model following controll provides a realization of the
precompensator G(s) in Eq. (4).l Hence, as is pointed out in
the Comment with the aid of Ref. 3, neither the common
zeros nor the common poles of Y/U(s) and Ym/Um (s) affect
G(s) since Jhey cancel each other on both sides of Eq. (4).
When unstable plant transmission zeros are not in common
with zeros of the model, no approach can exactly handle such
a model following system since G(s) must effectively contain
an inverse system of the plant. Although it is not explicitly
stated in the Comment, the recommended approach2 also
requires the stability of plant transmission zeros. Otherwise,
the precompensator ^-dynamics with an arbitrary input um
become unstable because the eigenvalues of 077 are the in-
verses of the plant transmission zeros. This fact is demon-
strated by a simple example:

Plant:

Model:
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The above plant has an unstable transmission zero at X= 1.
The feedforward model following control law is computed
along the line of the Comment and Ref. 2. In particular, the
matrix 0/7 that determines the stability of the precompensator
to the derivative input um [Eq. (5) in the Comment)] becomes

0 - 2

0

0

4 - 4

3 - 3

whose eigenvalues are 1,0, and 0 which are the inverses of the
plant transmission zeros. It can be shown that the nonsingular
transformation of v, Tw=v, by T

2

-4

-3

reduces the ̂ -dynamics of Eq. (5) in the Comment to be

W; = w;- (2/3.5,-3/5)iim w2 = w3=0

The first element of the transformed w is unstable and so is v.
Thus, the feedforward model following control proposed by
the Comment and Ref. 2 is not practically realizable either,
even if um were available.

Mr. Broussard and Mr. Mabius raised an additional
requirement for the model following control that no trans-
mission zero of the plant equals an eigenvalue of the model,2 ,
which was not mentioned by Ref. 1. However, a counter-
example will be given to show that such a requirement is not
necessary even for a feedforward realization of model
following control. The approach recommended by the
Comment, which claims to give a more general solution to the
model following problem, may be somewhat more restrictive
in this regard although this case may be rare in practice.
Consider a plant given by the same state equation as Eq. (1)
and the following output equation

r i o - i nt- L i • i o j
This plant has a stable transmission zero at X= -2.5. A
desired model is assumed to be given by Eqs. (2a) and (2b).
Then,
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0

Obviously, the plant transmission zero equals an eigenvalue
of the model. The approach suggested by the Comment
cannot handle this example since there is some difficulty for
the existence and the uniqueness of a series expansion of
feedforward gains Stj. However, the model following can be
accomplished by a feedforward control as long as the com-
pensator has the following function:

Uf(s) = (Y/U(s)]-1[Ym/Um(s)]Um(s)

Uf(s) =
1 1

-1 1

" 5 + 3.25 3.55 + 8 "
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A feedforward realization of the above may be given by

f 0.50.51 F0.5 1.75
Uf(s)=\ \ Um(s)~ \ | Xm(s)

0 0.75

Xm(s)
.5)

-0.50.5

0.75 -0.75

-0.25 0.25

which consists of the model input, the model state, and the
filtered model state but not of the time derivatives of um.
Needless to say, this example can be handled by the approach
of Ref. 1 without any difficulty.

The author completely agrees with the Comment of Mr.
Broussard and Mr. Mabius that a particular state feedback is
not essential for the model following control. It is a matter of
the choice of the realization of the compensator G(s) as is
stated in Ref. 1. A good combination of feedforward and
feedback controls is preferable in practice. The Comment
introduced a feedforward realization for some class of the
problem, and suggested an interesting relation between the
feedforward and the composite (feedforward/back)
realizations. Consider a plant with an arbitrary negative
feedback gain matrix L:

xc=(A-BL)xc u=-Lxc c = Cxc
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Assuming that no transmission zero coincides with model
eigenvalues, define matrices 0 and Sfj for the open-loop
system (A,B9C) as in Ref. 2. Then, the feedforward con-
trol with an inverse of the closed-loop system,
Uf(s) = [ Yc/Uf(s) ] -1 (Ym/Um (s) ] Um (s), is shown to be
generated by the same equatioii as in the Comment:

Uf(s) = (S21 + LSn )Xm (s) + (S22+LS12)Um (s)

This shows how an arbitrary feedback gain L reflects in the
feedforward gains. A little manipulation using relations
among (I, Sij9 and (A,B,C) yields the following quite in-
teresting expression for the above Uf(s):

Uf(s) = [B* -' (A*m +KMm) + (L-Kx)Sn}Xm(s)

where

Matrices A*,B*,M,K,KX and ( • ) m are all defined in Ref. 1.
The above expression suggests that if L=KX, there is no

need to have the time derivatives of um, and the control law
becomes the same as that offered by Ref. 1. When the plant
has no transmission zero, there always exists a unique matrix
K to satisfy L=KX for an arbitrary feedback gain matrix L
since M is nonsingular for an observable system. The matrix
Kis not necessarily of block-diagonal form as is noted in Ref.
1. On the other hand, when there is any (stable) transmission
zero the matrix Mis, in general, singular. The feedback gain
matrix L to eliminate the time derivatives of um or v is not
completely arbitrary since the matrix K to satisfy L=KX may
not exist. Thus, it has been made clear that the feedback gains
offered in Ref. 1 are quite significant to avoid um in the model
following control.

Since, in practice, the time derivatives of um are often not
available, the system designer may wish to have a feedback
control with the gain L=KX. However, some of the trans-
mission zeros may be close to the origin and the imaginary
axis, so that the transient output error response may persist
and the closed-loop response to system noise (e.g., aircraft
gust response) be considerably dominant. If that is the case,
one may opt for a feedforward realization with a tight
feedback loop (L^KX) at the expense of generating the time
derivatives of um. Thus, in practical situations with stable
transmission zeros, a compromise between the feedforward2

and/or the feedback1 realizations of the model following
control may be called for.
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Introduction

IN REF. 1, Jayaraman discusses minimum-time heliocentric
transfers between the Earth's orbit and the orbit of Mars

using a solar sail propulsion system. The orbits of these
planets are assumed to be circular and coplanar. Planetary
masses are neglected. Jayaraman applies the calculus of
variations to search for minimum-time trajectories for two
values of solar sail characteristic thrust acceleration.2
Jayaraman's solutions differ from those obtained by Kelley3'4
and Zhukov and Lebedev.5 His transfer times are about 10%
larger and his sail orientation histories significantly different.
Jayaraman asserts that he has found the minimum-time
solutions and that the earlier, shorter transfer times in Refs. 3-
5 were probably for trajectories which do not accurately
satisfy the required boundary conditions. We show here that
the solutions in Refs. 3-5 (and also in Ref. 2) are correct and
that a transversality condition of variational calculus has been
applied incorrectly in Ref. 1.

Reference 1 also discusses the merits of solar sailing for
carrying out interplanetary space missions, relative to electric
propulsion, in particular. We argue here that the orbit
transfer problems considered contain too many sim-
plifications to allow a realistic comparison of these advanced
propulsion technologies and note that a number of more
sophisticated studies of solar sailing missions were carried out
inthelatel970's.

Conditions of Optimality
The normalized equations of motion for a planar

heliocentric transfer by means of a solar sail spacecraft are

dxj/dt=x2 (1)

dx2/dt=x2
3/x1-l/x2

1+f3cos3u/x2
1 (2)

dx3 /dt = — x2x3 /Xj + /3cos2 usinu/x} (3)

where/, xlt x2, x3, and u denote time, radial distance of the
spacecraft from the sun, radial velocity, circumferential
velocity, and angle between the outwardly directed normal to
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